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Exper ience  has i n d i c a t e d  that  c e r t a i n  complex s y s t e m s  when 
f i r s t  pu t  i n t o  o p e r a t i o n  a r e  s u b j e c t  t o  a b r e a k i n g - i n  p e r i o d .  During 
t h i s  p h a s e  f a i l u r e s  o f  t h e  s y s t e m  o c c u r  a t  a r e l a t i v e l y  h i g h  r a t e ,  
b u t  as t i m e  wears on, t h i s  high f a i l u r e  r a t e  d e c l i n e s  s t e a d i l y  u n t i l  
a s t a b l e  v a l u e  i s  r eached .  T h i s  m a r k s  t h e  b e g i n n i n g  o f  what has been 
c a l l e d  t h e  e f f e c t i v e  l i f e  o f  t h e  s y s t e m  and i t  would be  o f  obvious  
p r a c t i c a l  va lue  t o  have a s t a t i s t i c a l  method f o r  d e c i d i n g  when a s y s t e m  
has e n t e r e d  t h i s  p e r i o d  o f  s t a b l e  per formance .  

T h i s  memorandum p r e s e n t s  some axioms tha t  d e s c r i b e  t h i s  
b r e a k i n g - i n  phenomena and e x p l o r e s  some o f  t h e i r  e l emen ta ry  consequences .  
The f a i l u r e  r a t e  f u n c t i o n  i s  d e s c r i b e d  and some est imates  f o r  i t  p re -  
s e n t e d .  These  are i n  t u r n  used t o  d e l i n e a t e  a p rocedure  for e s t i m a t i n g  
t h e  t i m e  of t h e  s t a b l e  p e r i o d ' s  i n c e p t i o n  and t h e  mean t i m e  between 
f a i l u r e s  f o r  t h i s  p e r i o d .  
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TECHNICAL MEMORANDUM 

1. I N T R O D U C T I O N  

L e t  Sk deno te  t h e  t i m e  a t  which t h e  k- th  f a i l u r e  o f  a 
s y s t e m  o c c u r s ,  where time i s  measured from t h e  s y s t e m ' s  i n s t a l l a -  
t i o n ,  and r e p a i r  t imes a re  n e g l e c t e d .  Then Sk = X1 + ... + X k ,  
for k=1,2, ..., where Xk i s  t h e  t i m e  between f a i l u r e s  k-1 and k ,  

and t h e  xk are assumed t o  be independent  p o s i t i v e  random v a r i a b l e s .  

i n t e r v a l  ( 0 , t ) .  

N ( t )  2 k i f  and on ly  i f  Sk < t .  
ma themat i ca l  e x p e c t a t i o n  of N ( t )  and s e t  h ( t )  = H ' ( t )  assuming 
t h i s  d e r i v a t i v e  e x i s t s  f o r  a l l  t > 0 .  N ,  H ,  and h w i l l  b e  c a l l e d  
r e s p e c t i v e l y ,  t h e  f a i l u r e  f u n c t i o n ,  mean f a i l u r e  f u n c t i o n  and 
f a i l u r e  r a t e .*  

L e t  N ( t )  be t h e  number o f  f a i l u r e s  o c c u r r i n g  i n  t h e  
Thus N ( t )  = k i f  and on ly  i f  Sk < t 5 Sk+l and 

Now l e t  H ( t )  = E ( N ( t ) ) ,  t h e  

I f  t h e  s y s t e m  had no b r e a k i n g - i n  p e r i o d  t h e n  w e  migh t  
assume t h a t  t h e  Xk were i d e n t i c a l l y  d i s t r i b u t e d  s o  t h a t  Sk would 

be  a renewal  p r o c e s s  ( see  [ 2 1 ) .  I n  t h i s  case it  i s  known t h a t  
l i m  H ( t ) / t  = l / p  and that  l i m  h ( t )  = l / u  where p = E(X1). 
t + m  t-- 
not, o f  c o u r s e ,  assume that  Sk i s  a renewal  p r o c e s s  b u t  w e  would 
l i k e  t o  canc lude  t h a t  H ( t )  t / u  and h ( t )  + l / u  where p i s  t h e  mean 
v a l u e  of  times between f a i l u r e s  when t h e  sys tem has r eached  i t s  
s t ab le  p e r i o d .  Cond i t ions  e n s u r i n g  t h i s  convergence are d i s c u s s e d  
i n  t h e  n e x t  s e c t i o n .  

We can- 

I n  s e c t i o n  3 w e  d i s c u s s  methods f o r  e s t i m a t i n g  t h e  
f a i l u r e  r a t e  h ( t )  g i v e n  no th ing  b u t  t h e  t imes a t  which f a i l u r e s  
have  o c c u r r e d  up t o  some t i m e  T ,  that  i s ,  g i v e n  N ( t ) ,  0 4 t I T .  
I f  w e  know t h a t  h ( t )  happens t o  be d e c r e a s i n g  t h e n ,  as w i l l  be  
s e e n ,  such  an estimate can  be s i g n i f i c a n t l y  improved by  a smoothing 
o p e r a t i o n .  

*The term f a i l u r e  r a t e  has a n o t h e r  s t a n d a r d  use  which must b e  
d i s t i n g u i s h e d  from o u r s .  
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F i n a l l y  3-n cases where h ( t )  converges  d e c r e a s i n g l y  t o  
a l i m i t  1/11 > 0 we make some comments on t h e  problem o f  e s t i m a t i n g  
11 and o t h e r  pa rame te r s  o f  i n t e r e s t ,  f o r  example,  t * ( E ) ,  t h e  smallest  
v a l u e  such  t h a t  f o r  a l l  t > t*, h ( t )  - 1/11 < E .  

2 .  CONVERGENCE OF THE MEAN FAILURE F U N C T I O N  -- ------ - 
I n  t h i s  s e c t i o n  we w i l l  f o r m u l a t e  c o n d i t i o n s  on the  

Xi so  t h a t  t h e  p r o c e s s  Sn w i l l  conform t o  o u r  i n t u i t i v e  i dea  o f  
t h e  b reak ing- in  p r o c e s s .  We w i l l  t h e n  see t h a t  these  c o n d i t i o n s  
i m p l y  t h a t  t h e  mean f a i l u r e  f u n c t i o n  H ( t )  i s  a s y m p t o t i c a l l y  e q u a l  
t o  t / u  where 0 < p < m and IA can  be looked  on as the  "asympto t i c  
mean t i m e  between f a i lu re s . "  

To b e g i n  w i t h ,  we s h o u l d  l i k e  Xi  t o  have a tendency  t o  
b e  l a rger  t h a n  Xi - 
g e t t i n g  l o n g e r .  T h e r e f c r e  w e  t a k e  as our  b a s i c  asslumption-- 

s i n c e  t h e  times between f a i l u r e s  are g e n e r a l l y  

(A) - Xi i s  s t o c h a s t i c a l l y  l a r g e r  t h a n  Xi - 1, t h a t  i s ,  
P O i  > a )  2 P(Xi-l > a )  f o r  a l l  a. 
l a r g e r  t h a n  Y we w r i t e  X < Y .  

If X i s  s t o c h a s t i c a l l y  

The f o l l o w i n g  theorem p rov ides  some i n s i g h t  i n t o  t h i s  d e f i n i t i o n .  

Theorem 1 L e t  X and Y be p o s i t i v e  random v a r i a b l e s  w i t h  d i s t r i b u t i o n  
f u n c t i o n s  F and G.  Then, 

( i )  X Y i f  and only i f  F ( a )  I G(a) f o r  a l l  a 

(ii) i f  X It Y t h e n  E ( X )  2 E ( Y )  

(iii) i f  X Y and X and Y are independen t  t h e n  P ( X > Y )  L 1/2. 

Proof  (i) f o l l o w s  d i r e c t l y  from t h e  d e f i n i t i o n .  

To prove  (ii) we f i r s t  n o t e  t h a t  
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u s i n g  i n t e g r a t i o n  by p a r t s  a t  t h e  n e x t  t o  last s t e p .  Note t h a t  

as x -+ w. Thus 

u s i n g  t h e  co r re spond ing  formula for Y and G and p a r t  ( i).  

A s  f o r  ( iii),  f i r s t  suppose  G i s  eGntinuous.  

m 

P ( X > Y )  = P ( X > y l Y = y )  d G ( y )  

once  a g a i n  using i n t e g r a t i o n  by p a r t s .  But if 

t h e n  t h e  l a t t e r  q u a n t i t y  equals 1/2, s o  t h a t  
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An approximat ion  argument g i v e s  t h e  same r e s u l t  when G i s  n o t  
assumed t o  be con t inuous .  

The second c o n d i t i o n  which must b e  p l a c e d  on t h e  
d i s t r i b u t i o n  of t h e  Xi i s  t h a t  t h e i r  growth be bounded i n  such  
a way t h a t  t h e  f a i l u r e  p rocess  e v e n t u a l l y  s t a b i l i z e s ,  or con- 
v e r g e s ,  i n  some s e n s e ,  t o  a random v a r i a b l e  X whose d i s t r i b u t i o n  
c h a r a c t e r i z e s  t h e  way f a i l u r e s  o c c u r  d u r i n g  t h e  most e f f e c t i v e  
phase  of  t h e  s y s t e m ' s  o p e r a t i o n .  Thus w e  make t h e  assumption-- 

(B) - There e x i s t s  a random v a r i a b l e  Y w i t h  f i n i t e  mean 
a such  t h a t  Xi 2 Y f o r  a l l  i. 

Without some assumption l i k e  (B) t h e  t imes between 
f a i l u r e s  might  go on i n c r e a s i n g  w i t h o u t  bound, which i s  c e r t a i n l y  
n o t  t h e  c a s e  i n  t h e  s y s t e m s  we are i n t e r e s t e d  i n  s t u d y i n g .  
Cond i t ion  (B) i s  somewhat s t r o n g e r  t h a n  a c u r s o r y  g l a n c e  might 
i n d i c a t e ,  i f  ( A )  i s  also assumed t o  h o l d ,  as t h e  f o l l o w i n g  theorem 
shows. 

Theorem 2 
( A )  and ( B ) .  Then t h e r e  e x i s t s  a random v a r i a b l e  X w i t h  f i n i t e  
mean 1-1 such  t h a t  Xi 2 X ,  Yi  converges i n  d i s t r i b u t i o n  t o  X ,  and 

L e t  Xi be  a sequence o f  random v a r i a b l e s  s a t i s f y i n g  

H X i )  -+ 1-I. 

9, o f  xn is-- 

Proof  
l e t  G be t h e  d i s t r i b u t i o n  of Y .  Then the  c h a r a c t e r i s t i c  f u n c t i o n  

L e t  Fi be t h e  d i s t r i b u t i o n  of X i ,  l e t  Y be as i n  (B) and 

/- 

O n ( t )  = I eitx d Fn(x )  

m =-L e d ( l - F n ( x ) )  

= - e i t x ( l - F n ( x ) ) I  t I ( l - F n ( x ) ) i t e  dx 

= 1 t i t  ( l - F n ( x ) )  eitx dx . 
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The sequence  l-F,(x) i s  i n c r e a s i n g  and bounded above 
T h e r e f o r e  l i m  I--F,(X) = 1-F(x) e x i s t s  f'or a l l  x .  b y  1-G(x).  

We show t h a t  F ( x )  i s  a d i s t r i b u t i o n  f u n c t i o n  by Levy's  C o n t i n u i t y  
Theorem (see [ 4 ,  p .  lgl]), t h a t  i s ,  w e  show t h a t  o n ( t )  converges  
t o  a f u n c t i o n  which i s  cont inuous  a t  t = O .  

n- 

= 1 + it]; ( l - F ( x ) )  eitx dx , 

and t h e  l i m i t  e x i s t s .  The i n t e r c h a n g e  o f  l i m i t  and i n t e g r a t i o n  
i s  j u s t i f i e d  above by Lebesgue 's  Dominated Convergence Theorem 
and the f a c t  that  I ( l -F,(x))ei txl  = l -Fn (x )  5 l -G(x ) ,  t h e  l a t t e r  
f u n c t i o n  being i n t e g r a b l e .  We now must  show tha t  

1 + i t  Lw ( l - F ( x ) )  e dx i s  a con t inuous  f u n c t i o n  o f  t ,  a t  t = O .  

But t h e  i n t e g c a l . i s  obvious ly  bounded i n  a neighborhood o f  t = O ,  
s o  t h a t  t h e  whole f u n c t i o n  i s  con t inuous  a t  0 .  Thus X n  converges  
i n  d i s t r i b u t i o n  t o  X ,  and t h e  o t h e r  a s s e r t i o n s  o f  t h e  theorem are 
obvious  consequences o f  t h e  d e f i n i t i o n s  o f  X and F. 

i t x  

We are now i n  a p o s i t i o n  t o  show t h a t  i f  t h e  sequence  
To do t h i s  w e  need { X n }  s a t i s f i e s  ( A )  and ( B )  t h e n  H ( t )  'L t / p .  

t h e  f o l l o w i n g  r e s u l t  due t o  Kawata [3] and Smi th  C71. 

Theorem 3 
random v a r i a b l e s  such  t h a t  

L e t  {Xn} be  a sequence o f  non-negat ive  independent  
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(ii) f o r  e v e r y  E > 0, 

Then l i m  H ( t ) / t  = l / p  . 
t +m 

Now we may s t a t e  the  main r e s u l t  of t h i s  s e c t i o n .  

Theorem 4 L e t  { X n 1  be a sequence o f  independent  non-negat ive 
random v a r i a b l e s  s a t i s f y i n g  ( A )  and ( B ) .  Then there  e x i s t s  a 
random v a r i a b l e  X w i t h  mean p such  t h a t  

( i>  Xn converges i n  d i s t r i b u t i o n  t o  X 

t -+m 

(ii) l i m  H ( t ) / t  = l/p . 

Proof  ( i )  has a l r e a d y  been e s t a b l i s h e d .  L e t  u n  = E ( X n ) .  Then 

'n -+ F-l, a l s o  by Theorem 2 .  But t h i s  imp l i e s  t ha t  a l s o  

n 
1 7- 

- 6  

n L a  

Xk and X. Then, 

vk + p .  L e t  Fk and F be  t h e  d i s t r i b u t i o n  f u n c t i o n s  o f  
k = l  

Thus b o t h  c o n d i t i o n s  of Theorem 3 are s a t i s f i e d  and hence t h e  
theorem i s  proven .  

3. ESTIMATION OF THE FAILURE RATE 

A s  above i t  i s  assumed tha t  t h e  times between f a i l u r e s ,  
Xn, are non-negat ive  independent  random v a r i a b l e s ,  s t o c h a s t i c a l l y  
i n c r e a s i n g ,  and converg ing  i n  d i s t r i b u t i o n  t o  a random v a r i a b l e  
X w i t h  f i n i t e  mean p .  Then i t  was shown i n  s e c t i o n  2 t h a t  



BELLCOMM, INC. 

where N ( t )  i s  t h e  number of f a i l u r e s  o c c u r r i n g  i n  ( 0 , t ) .  
( * )  i s  n o t  of i t s e l f  s u f f i c i e n t '  t o  conclude  t h a t  t h e  f a i l u r e  
r a t e  h ( t )  = H ' ( t )  + l / p  as t-, b u t  i n  t h e  c o n t e x t  o f  o t h e r  r enewa l  
theorems i t  seems t o  b e  only a s l i g h t  a d d i t i o n a l  r e s t r i c t i o n  t o  
assume t h a t ,  i n  f a c t ,  h ( t )  converges  t o  l / p .  

C l e a r l y  

Moreover, i n  t h e  t y p e  o f  r e l i a b i l i t y  problem b e i n g  
t rea ted  here ,  t h e r e  i s  s t r o n g  e m p i r i c a l  ev idence  t o  s u g g e s t  t h a t  
h ( t )  i s  a d e c r e a s i n g  f u n c t i o n .  The c o n d i t i o n s  ( A )  and ( B )  o f  
s e c t i o n  2 are c e r t a i n l y  not  enough t o  g u a r a n t e e  t h i s  s o  t h e  f o l -  
lowing  a d d i t i o n a l  assumption i s  in t roduced--  

( C )  - The f a i l u r e  r a t e  h ( t )  i s  a d e c r e a s i n g  f u n c t i o n  such 
t h a t  h ( t )  + l/p as t-. 

A h o s t  of s t a t i s t i c a l  problems conce rn ing  h now pose 
themse lves :  g i v e n  N ( t )  f o r  0 I t 5 T ,  estimate 

(i) h ( t )  f o r  0 5 t 5 T 

(iii) t * ( E ) ,  t h e  smallest number such t h a t  f o r  a l l  t> t* ,  
h ( t )  - l / u  < E .  

The p r a c t i c a l  va lue  of estimates f o r  these  q u a n t i t i e s  
i s  q u i t e  obvious .  The e s t i m a t o r s  t o  be  p r e s e n t e d  here  are o f  an  
ad hoc n a t u r e ,  however, and n o t h i n g  i s  known o f  t h e i r  moments o r  
d i s t r i b u t i o n s ,  a s y m p t o t i c a l l y  o r  o t h e r w i s e .  T h i s  i s  a r e s u l t  of 
t h e  g r e a t  g e n e r a l i t y  of t h e  problem as posed here;  on t h e  o t h e r  
hand,  if some s t r i n g e n t  r e s t r i c t i o n s  are p l a c e d  on t h e  d i s t r i b u -  
t i o n s  of t h e  Xn some more de t a i l ed  knowledge o f  t he  e s t i m a t o r s  
might  be had b u t  t h i s  k i n d  o f  s t u d y  w i l l  be pos tponed  f o r  now. 

3 .1  A Class o f  E s t i m a t o r s  f o r  h ( t )  

H ( t )  = E ( N ( t ) ) ,  g i v e n  N ( t )  f o r  0 5 t 5 T. N ( t )  i s  a n  unb iased  
es t imate  f o r  H ( t )  and s o  we might  a t tempt  d i f f e r e n t i a t i n g  N ( t )  
t o  ge t  an  estimate f o r  h.  U n f o r t u n a t e l y  N ( t )  i s  a s t e p  f u n c t i o n  

We wish  t o  e s t i m a t e  t h e  f u n c t i o n  h ( t )  = H ' ( t )  where 

'Consider,  e .g . ,  t h e  f u n c t i o n  H ( t )  = t t cos  t. 
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and i t s  d e r i v a t i v e  e q u a l s  0 everywhere i t  e x i s t s  s o  t h a t  t h i s  
p rocedure  i s  no t  ve ry  promising.  We may however borrow a t e c h -  
n i q u e  from t i m e  se r ies  analysis f o r  g e t t i n g  a round t h i s  d i f f i -  
c u l t y  (see e s p e c i a l l y  [ 6 3  f o r  a d i s c u s s i o n  o f  the way i n  which  
s p e c t r a l  d e n s i t y  e s t i m a t i o n  a p p l i e s  t o  p r o b a b i l i t y  d e n s i t y  
e s t i m a t i o n ) .  

L e t  K be a f u n c t i o n  s a t i s f y i n g  

K 2 0 ,  K ( - x )  = K(x), K(x)dx  = 1 

and l i m  x K(x) = 0 .  Then we s e t  
X+m 

and take hK as an estimate o f  h. 

t r a n s f o r m a t i o n ,  and fi, may b e  c a l l e d  t h e  c o n v o l u t i o n  o f  K w i t h  N .  

T h e  f o l l o w i n g  example w i l l  i l l u s t r a t e  how t h e  c o n v o l u t i o n  K*N 
p r o v i d e s  a n  estimate o f  H' (See [ S I  f o r  a p roof  t h a t  K*N converges 
t o  H', i f  N i s  a sample  d i s t r i b u t i o n  f u n c t i o n ,  as t h e  s i z e  o f  t h e  
sample n i n c r e a s e s  and K i s  a l lowed  t o  depend on n . )  

K i s  c a l l e d  t h e  k e r n e l  o f  t h i s  

T a k e  A > 0 and l e t  



BELLCOMM, INC. 

k = l  

= - - .  (number o f  terms Sk w i t h i n  A/2 o f  t )  
A 

= A (N.(t+A/2) - N( t-a/2) ) 

- 1 1 - - A *(N(t+A/2)-N(t)) + - A (N(t)-N(t-A/2)) 

Thus 

and 

The u s u a l  procedure i n  problems of  t h i s  s o r t  i s  t o  
per form s e v e r a l  d i f f e r e n t  t r a n s f o r m a t i o n s  using a v a r i e t y  o f  
k e r n e l s  K s i n c e  some are more s e n s i t i v e  t o  c e r t a i n  k i n d s  o f  
t r emors  and wigg le s  t h a n  o t h e r s  and s o  i t  i s  bes t  t o  t r y  a 
number of them. Here are t h r e e  examples and the  l i t e r a t u r e  o f  
t i m e  s e r i e s  a n a l y s i s  abounds w i t h  o t h e r s .  

Example 1 

= 0 f o r  
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= o  

Example 3 

Note t h a t  each  Ki depends on a parameter A o r  n ,  
which may b e  v a r i e d  s o  as t o  emphasize l o c a l  b e h a v i o r  b y  t a k i n g  
A > 0 small or n l a r g e .  

S i n c e  h i s  assumed t o  be a d e c r e a s i n g  f u n c t i o n  i t  i s  
e n t i r e l y  r e a s o n b l e  t o  r e s t r i c t  a t t e n t i o n  t o  t h o s e  estimates of  
h which are themselves  d e c r e a s h g .  T h i s  can b e  accomplished by 
smoothing any o f  t h e  e s t i m a t e s  hk d e f i n e d  above i n  a manner t o  
b e  d e s c r i b e d  p r e s e n t l y .  The  smoothed estimate can b e  shown t o  
be  a maximum l i k e l i h o o d  estimate under  c e r t a i n  r e s t r i c t i v e  
c i r cums tances  ( see  [l] and [ S I )  b u t  t he re  i s  no need t o  p u r s u e  
t h i s  f a c t  here .  

Thus l e t  be  a g i v e n  estimatc o f  h d e f i n e d  on [O,T]. 
We c o n s t r u c t  a new e s t i m a t e  h based on h as f o l l o w s :  Le; h 
c o i n c i d e  w i t h  h u n t i l  t h e  f i r s t  p o i n t ,  s ay  to ,  a t  which h 

i n c r e a s e s .  
i n t e r v a l s  t o  t h e  l e f t  and r i g h t  o f  t o  . 
o f t e n  as i s  n e c e s s a r y  u n t i l  E i s  d e c r e a s i n g  on t h e  i n t e r v a l  
[ O , t o ] ,  and t h e n  p roceed  t o  t h e  nex t  p o i n t  o f  i n c r e a s e  of h .  

Then r e d e f i n e  6 t o  be t h e  ave rage  v a l u e  o f  f~ on t h e  
Repeat thi-s,,  p r o c e s s  as 
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F o r  example, suppose 6 has t h e  v a l u e s  shown i n  
F i g u r e  1. Then F i g u r e  2 shows t h e  smoothed estimate E. 
h 

t a 7 

4 

6 
5.5_. 

3 

I t 1 

Figure  1 

8 . 5  
7 

5.2  

d I I I I F t 
F igure  2 

One o f  t h e  p r i n c i p a l  v i r t u e s  of  t h e  smoothed estimate 
i s ,  of cour se ,  t h a t  it g i v e s  a b e t t e r  p i c t u r e  of the  t r e n d  i n  
t he  f a i l u r e  r a t e .  A s  w i t h  a l l  smoothing o p e r a t i o n s  i t  i r o n s  o u t  
or dissipates  chance f l u c t u a t i o n s  from t h e  dominant t r e n d s .  T h i s  
p a r t i c u l a r  smoothing w i l l  b e  u sed  a g a i n  i n  t h e  n e x t  s u b s e c t i o n .  
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3 .2  Another E s t i m a t o r  f o r  h ( t )  

The s t a t i s t i c  t o  be d e s c r i b e d  here i s  t h e  one s t u d i e d  
i n  [l] where i t  i s  mentioned as b e i n g  a maximum l i k e l i h o o d  es t i -  
mator  f o r  a f u n c t i o n  c l o s e l y  re la ted t o  o u r  h ( t )  b u t  w i t h  c e r t a i n  
r e s t r i c t i o n s  on t h e  Xn. These c o n d i t i o n s  are a l i t t l e  u n n a t u r a l  
and a lmos t  i m p o s s i b l e  t o  v e r i f y  b u t  t h a t  s h o u l d  n o t  de te r  us  from 
t r y i n g  o u t  t h e  e s t i m a t o r  and s e e i n g  how i t  behaves i n  t h i s  more 
g e n e r a l  problem. 

L e t  Sn and Xn b e  as above,  f o r  n = l ,  ..., N .  Then l e t  
h * ( t )  = f o r  Sn < t Sn+l and f o r  n=O, l , .  . . , N-1. 

The s i m i l a r i t y  o f  h* t o  t h e  estimates hk o f  3.1 s h o u l d  
Cons ider  a k e r n a l  K l i k e  K1 o f  3.1, e x c e p t  t h a t  t h e  b e  no ted .  

q u a n t i t y  0 i s  a l lowed t o  vary i n  such  a way t h a t  t h e  i n t e r v a l  
c o n s i d e r e d  a lways  c o n t a i n s  one and on ly  one f a i l u r e  p o i n t  Sk 

and s o  t h a t  A = 'k+l Then 

n 1 h k ( t )  = a ( #  o f  f a i l u r e s  i n  i n t e r v a l  o f  l e n g t h  A 
about  t )  

1 = l / X k  = h * ( t )  i f  Sk < 

The estimate h* m u s t  be  smoothed s o  t h a t  i t  becomes a 
d e c r e a s i n g  f u n c t i o n  and t h e  f o l l o w i n g  a v e r a g i n g  i s  recommended i n  
c11: I f  l / X k  < l/xk+l s o  t h a t  h* must b e  smoothed on t h e  i n t e r v a l  
(sk-1,  Sk+l] t h e n  l e t  h* = 2/(Xk+Xk+l) there .  

A comparison of  t h e  estimates ik and h* s h o u l d  r ea l ly  
await some e x t e n s i v e  t e s t i n g  b u t  even a t  t h i s  van tage  p o i n t  some 
remarks are c a l l e d  f o r .  A small s c a l e  t r i a l  o f  some f i c t i o n a l  
data seems t o  i n d i c a t e  t h a t  h* g i v e s  a smoother more e a s i l y  i n t e r -  
p r e t e d  graph and would be  preferable  o v e r  hk f o r  t h a t  r e a s o n  i f  

t h i s  phenomena p e r s i s t s .  
eas ie r  t o  compute which may b e  an  o v e r r i d i n g  c o n s i d e r a t i o n .  It  
s h o u l d  a l s o  be mentioned t h a t  f o r  v i s u a l  enhancement,  a p i e c e w i s e  
l i n e a r  graph i s  easier t o  look  a t  t h a n  a s t e p - f u n c t i o n  desp i t e  
wha teve r  ma themat i ca l ly  o p t i m a l  p r o p e r t i e s  t he  l a t t e r  has,  and 
s o  one s h o u l d  n o t  hes i t a t e  t o  "connect  t h e  do t s "  when a t t e m p t i n g  
a v i s u a l  e v a l u a t i o n .  

T h e r e  i s  a l s o  t h e  f a c t  that  h* i s  much 
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I n  t h i s  s e c t i o n  we assume tha t  c o n d i t i o n s  ( A ) ,  ( B )  
and ( C )  are a l l  f u l f i l l e d  and comment on some s t a t i s t i c a l  prob- 
l e m s  of obvious  i n t e r e s t .  I n  each  c a s e  assume as g i v e n  t h e  
f a i l u r e  data  up t o  t i m e  T ,  tha t  i s  t h e  f u n c t i o n  N ( t ) ,  
0 5 t ~ T .  

Cons ider  f irst  t h e  problem o f  e s t i m a t i n g  u .  It seems 
c l e a r  i n t u i t i v e l y  t h a t  f o r  t h e  smoothed estimates and h*,  t h e  
v a l u e s  K ( T )  and h * ( T )  converge t o  l / u  a lmost  s u r e l y ,  a l t h o u g h  no 
p roof  w i l l  be o f f e r e d  f o r  t h i s  c o n j e c t u r e  a t  t h i s  t i m e .  Thus 
l / h ( T )  o r  l / h * ( T )  seems to b e  a r e a s o n a b l e  estimate f o r  p a t  
t i m e  T.  The speed of convergence w i l l  depend on how long  t h e  
b r e a k i n g - i n  p r o c e s s  p e r s i s t s ,  and,  i n  t h e  case o f  h, t o  what 
e x t e n t  r e c e n t  data ge t  emphasized. Once more i t  must be  empha- 
s i z e d  t h a t  f o r  t h e  g e n e r a l  problem c o n s i d e r e d  here  i t  i s  impos- 
s i b l e  to g i v e  any more p r e c i s e  i n f o r m a t i o n  on t h e  moments or 
d i s t r i b u t i o n s  o f  these estimates. 

Another problem of great i n t e r e s t  i s  o f  a d e c i s i o n  
t h e o r e t i c  n a t u r e :  has ,  as o f  t i m e  T ,  t h e  b r e a k i n g - i n  p r o c e s s  
ended? I f  t h e  f u n c t i o n  h ( t )  c o n t i n u e s  t o  d e c r e a s e ,  f o r  a l l  t ,  
t o  i t s  l i m i t  l / p ,  e . g . ,  h ( t )  = 1/11 + e-t, t h e n  of  c o u r s e  t h e  
b r e a k i n g - i n  n e v e r  r e a l l y  ends s o  t h i s  q u e s t i o n  must b e  ph rased  
a l i t t l e  more d e l i c a t e l y .  I t  can be done as f o l l o w s .  L e t  E > 0 
be  chosen a c c o r d i n g  t o  some a p r i o r i  s t a n d a r d s .  Then w e  agree 
to s a y  t h a t  b r e a k i n g - i n  has ended a t  t he  p o i n t  t* = t * ( E )  a t  
which h ( t )  f i r s t  comes w i t h i n  E o f  i t s  e v e n t u a l  l i m i t  l/p, 
Thus t * ( E )  = min { h ( t )  - 1/11 s € 1 .  

t 
Suppose h* i s  t h e  estimate o f  h b e i n g  used.  Then 

an obvious  estimate f o r  t * ( E )  would be 

- t* = - t * ( E , T )  = min {h*( t ) -h* (T)  s € 1  . 
t 

Thus t* i s  t h e  smallest  value o f  t such  t h a t  t h e  v a r i a t i o n  o f  
h* bezween t and t h e  p r e s e n t  T i s  n o t  more t h a n  E .  

When T < t*, tha t  i s ,  b reak ing- in  i s  s t i l l  i n  p r o g r e s s  
t h e n  t* s h o u l d  be f a i r l y  c l o s e  to T. Thus when t* s t a y s  c l o s e  t o  
T one-should conclude t h a t  b reak - in  has n o t  y e t  ended.  However, 
when T becomes b igge r  t h a n  t*  and as T c o n t i n u e s  t o  grow, t h e n  
- t* b e g i n s  t o  recede and becomes remote from T and when t h i s  
phenomena i s  n o t e d  one should  conclude t h a t  b reak - in  i s  ove r .  
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5. CONCLUSIONS 

Even w i t h  a bare minimum o f  assumpt ions  about  t h e  
d i s t r i b u t i o n s  of t imes between f a i l u r e s  some p r o g r e s s  can be  
made i n  a t t e m p t i n g  t o  de te rmine  when a b r e a k i n g - i n  p r o c e s s  has 
t e r m i n a t e d .  The t e s t s  p r e s e n t e d  s h o u l d  be e x e r c i s e d  w i t h  some 
s i m u l a t e d  data i n  o r d e r  t o  b e t t e r  u n d e r s t a n d  how t h e y  per form 
and how t h e y  compare t o  one a n o t h e r .  T h i s  i s  e s p e c i a l l y  n e c e s s a r y  
s i n c e  t h e  g e n e r a l i t y  o f  t h e  problem has s o  f a r  p r e v e n t e d  any e x a c t  
e v a l u a t i o n  o f  t h e  d i s t r i b u t i o n s  o r  moments o f  these  t e s t s .  

1033-BJM-jr B.  J .  McCabe 
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